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Role of Shocks in Transonic/Supersonic
Compressor Rotor Flutter

O. O. Bendiksen*
Princeton University, Princeton, New Jersey

An investigation of the influence of shock motion on flutter of rotors and cascades is presented. The present
paper illustrates how a perturbation scheme can be used to calculate the nonlinear effects due to thickness,
camber, and incidence to second order in a perturbation parameter. An approximate theory is also given, that
accounts for the first-order quasisteady effects of shock motion and also allows experimentally determined
shock structures and parameters to be used. The unsteady aerodynamic forces resulting from shock movements
are shown to have a pronounced effect on the flutter boundaries of cascades representative of large fan rotors.
Both stabilizing and destabilizing effects are observed, depending on interblade phase angle and shock structure.
At low reduced frequencies, the shock-induced loads can destabilize bending oscillations sufficiently to cause
single-degree-of-freedom bending flutter. It is also possible to explain the stabilizing effect of the back pressure

on supersonic rotor flutter, as observed experimentally.

Nomenclature
a =speed of sound; also location of pitching axis,
Eq. (8)
c =2b=Dblade chord

CLv’ CLa’

CirsCuy, =force and moment coefficients, Egs. (26), (27)

h =bending deflection; positive down

k = wb/U=reduced frequency

k =kM/B? '

L =lift per unit span, positive up

m =mass per unit span of blade

M =moment per unit span, about midchord, positive
clockwise; also Mach number

M, =cascade exit Mach number

N =(y+ 1)M?/(28%); also number of blades in rotor

D =static pressure

Ap, =p; — p; = pressure jump at shock reflection,

q

Fig. 3
= v & =velocity vector

u,v = perturbation velocities in x,y directions
U, = freestream velocity at upstream infinity
s =blade spacing (Fig. 1)
S =ssind
Sy =scosf
t =time
x,y;x',y’ =cascade coordinate systems (Fig. 1)
x, =mean location of shock reflection point
X, AX =instantaneous shock reflection point and its

oscillation amplitude, respectively
=angle of attack; also torsional deflection
=vM? -1
=ratio of specific heats of air
=stagger angle
=flow deflection at trailing edge
= m/wpb? = mass ratio of blade
=air density
=interblade phase angle
=pBk/b
=steady (mean) perturbation potential
=unsteady perturbation potential about mean
flow
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$ =total potential

b =phase angle of shock motion
@ =circular frequency

Q =0+ S_l kM

Superscripts and Subscripts

() =nondimensional quantity: lengths with respect to
semichord b, velocities with respect to U,,
pressure with respect to p,, U%

0 = amplitude of harmonic quantity
® = conditions at upstream infinity (freestream)
s = quantity associated with shock wave

1. Introduction

RANSONIC compressor rotors are susceptible to a

number of aeroelastic instabilities, of which supersonic
flutter is now recognized as one of the most dangerous.
Because of its practical importance, a number of investiga-
tors have considered this problem over the past decade. Most
of the studies have been based on supersonic cascade
theories, as in Refs. 1-5, with the flow linearized about the
uniform steady flow. In this case, the unsteady lifts and
moments are not affected, to first order, by thickness,
camber, and incidence and, therefore, the blades may be
treated as flat plates aligned with the upstream flow.

Although linearized cascade theories have been successful
in predicting some of the overall characteristics of supersonic
rotor flutter, a number of experimentally observed features
remain unexplained. This is often interpreted as an indica-
tion of the inherent limitations of flat-plate analyses and that
the effect of blade geometry and angle of attack should be
taken into account. While recent studies®’ have demon-
strated the importance of these effects for subsonic cascades,
published result for supersonic cascades®! are still too in-
complete to draw definite conclusions. The approximate
analysis in Ref. 9, however, does suggest that blade geometry
and loading are also important in the supersonic case.

The purpose of this paper is to illustrate the crucial role
that shock motion plays in the transonic/supersonic rotor
flutter problem. Since the mean strength of these shocks is
related to the blade geometry (thickness, camber) and angle
of attack, the unsteady forces induced by the shocks and
their reflections represent an important coupling effect be-
tween the steady and the unsteady flow perturbations. For
thin blading with small camber typical of the supersonic tip
region of fans, this shock-induced coupling appears to be the
dominant coupling effect as far as aeroelastic stability is
concerned. )
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Although the importance of the shock geometry in this
context has been noted previously,!! the unsteady flow treat-
ment as presented here has not appeared before in the
published literature. The perturbation scheme used differs
from that of Ref. 9 in that the local convection velocities and
the speed of sound are not assumed uniform. A simple first-
order theory is also presented that allows experimentally
determined shock parameters to be used and that can readily
be incorporated into existing engineering design systems.

II. Unsteady Cascade Flows with Shocks

General Modeling Aspects

Large fan rotors of the type relevant to this study operate
at design speed with supersonic relative flow at a typical
span section close to the tip. In this study, we restrict
ourselves to a cascade model of such a rotor, as illustrated in
Fig. 1, taken at a representative span section. The blades are
assumed relatively thin, with zero or slight camber, operating
at low angles of attack in supersonic relative flow. The flow
component normal to the leading-edge locus is assumed
subsonic.

It should be kept in mind that the flow in the actual rotor
is transonic and mixed and that the hub regions of the blades
operate subsonically. Between the subsonic inboard and the
supersonic outboard regions is a region with relative Mach
number close to one. Although transonic effects must be ex-
pected in this region, both the three-dimensionality of the
flow and its unsteadiness help reduce the strength of the
transonic effects. However, the mixed nature of the flow in
the rotor has a considerable influence on the shock structure
and, therefore, also on the aeroelastic stability of the rotor.

The focus of this paper is on the coupling between the
mean (steady) shock system and the unsteady motion of the
cascade. For cascade configurations representative of current
rotors, these shocks are typically reflected once or twice
before leaving the blade passages, as illustrated in Fig. 2. In
current linearized theories, the shock system is assumed to be
fixed and thus does not affect the unsteady blade loading.

When the shock system is moving, however, the points on
the blade surfaces where the shocks are reflected oscillate
with amplitudes which are of the same order as the un-
steady cascade motion. It will be shown that the resultant
unsteady loads induced by the shock motion have a strong
(first-order) effect on the aeroelastic stability of the cascade.
Although we will consider only flows with shocks of weak-
to-moderate strength in this paper, these comments also ap-
ply to strong shocks. It should be noted that the case where
the cascade has a strong (normal) in-passage shock has been
considered by Goldstein et al.'? In this case, the flow
downstream of the strong shocks is subsonic and rotational.

A perturbation scheme is presented first, which is similar
to that used by Van Dyke!? to treat nonlinear thickness ef-
fects for isolated airfoils oscillating in supersonic flow. Using
the solutions to the linearized steady problems as starting
points, calculated by the methods of Refs. 5 and 14, the cor-
rections due to blade geometry can then be obtained by solv-
ing a nonhomogeneous boundary value problem. The aim
here is not to present a comprehensive solution to the prob-
lem, but rather to isolate the terms that are of importance
from a stability standpoint. Because of the complex three-
dimensional shock structure existing in actual rotors (see, for
example, Refs. 15-18), a complete solution of the problem
must ultimately be based on the methods of computational
fluid dynamics.

A simple quasisteady model of the shock motion is also
presented (Sec. IV), which when combined with linearized
cascade theories is believed to offer an ‘‘engineering approx-
imation’’ to the problem. A similar approach was used by
Ashley'® to treat shock motion in ‘‘sub-transonic’’ isolated
wing flutter.
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Fig. 2 Reflection patterns for Mach waves and weak shocks: a) no
reflections; b) one shock reflection; c) three shock reflections.

Governing Equations

In this study, we restrict ourselves to flows that are irrota-
tional at upstream infinity and free of strong shocks. Within
the usual framework of the dynamics of an inviscid perfect
gas, the vorticity induced by the shocks is then negligible and
a potential exists to second order in a small parameter
representative of the flow deflection. The exact equation for
this potential is

32
a?vid=

a
+5t—(q2)+lI'V(q2/2) )

where @ is the local speed of sound and g= V@ the local
velocity vector. The conservation of total enthalpy and the
isentropic formulas yield the additional relations,

b g? a? U3 a2

——t—t =2+ 2
at 2 y-1 2 y—1 @
@ P P p v
T == (——) 3)
s P P P

If the surface of the mth blade is given by the equation
Bm(x»th)zo (4)

then the boundary condition of tangent flow at the blade
surfaces can be written as

DB, 4B,
Dt ot

+q-VB,=0 m=0, =1, £2,... (5
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These boundary conditions must be supplemented with
radiation conditions at infinity, requiring that the distur-
bances propagate away from the cascade or rotor in the far
field. Across shock waves, conservation of mass and con-
tinuity of tangential velocity must be enforced and, across
the blades wakes, continuity of pressure and normal velocity
are required.

The full potential equation (1) is a reasonable starting
point for describing the flow through a compressor rotor, in-
cluding the effects of shocks, providing the shocks are not
too strong. This is the case for large fan rotors, which are
most susceptible to flutter, where the blades are thin and
relatively sharp-edged and the shocks are oblique and attached
to the edges at design speed and low back pressure. The
prediction of the actual location of the shocks, however,
such as their reflection points, may require computational
schemes based on the three-dimensional Euler equations in
order to yield satisfactory results.

ITII. Perturbation Approach

For a ‘‘tuned’’ rotor where strict blade-to-blade periodicity
exists, the flutter mode is a monochromatic wave traveling in
the circumferential direction with respect to the rotor. In
locating the linear flutter boundaries, it is therefore suffi-
“cient to consider small-amplitude oscillations of the traveling
wave form. When the periodicity is broken by imperfections
or disorder, the flutter mode is not in general a mono-
chromatic wave. It is always possible, however, to expand an
arbitrary traveling wave along a period structure in terms of
the individual constant ¢ modes; see for exampie Ref. 21.

Consider a two-dimensional infinite cascade model of the
rotor, as illustrated in Fig. 1. Let the upper surface on the
reference blade in steady flow at a small angle of attack o be
given by

y=—ax+8f,(x) ©)

where 6<1 is a measure of the sum of airfoil thickness and
camber. Here O(a)=0(8), so that Eq. (6) is valid to sec-
ond order in o or é and the two terms may be combined into
one without loss of generality. A similar expression is ob-
tained for the lower surface, substituting f, for f, in Eq. (6).
Letting the airfoil execute simple harmonic motion with a
frequency w, the instantaneous position of its surface is given
by

By (x,3,1) =y —8f(x) —eg(x)e™' =0 )

with an error of third order, €25, €52, in § and e. For conven-
ience, the angle-of-attack term in Eq. (6) has been absorbed
into the term &f(x) and the subscripts u# and ¢ have been
dropped with the understanding that Eq. (7) represents two
equations, one for each surface. The function g (x) introduced
in Eq. (7) defines the motion of the reference blade in the
cascade. Since we are retaining only terms linear in the
oscillation amplitude, the results for pitching and plunging
motions can be determined separately and the results added.
Neglecting camber bending and chordwise motion,

eg(x)=—hy in plunge (bending)

= — (x—ba)ay in pitch (torsion) )

where x=ba defines the location of the pitching axis from
midchord. In general, h, and «, are complex numbers to ac-
count for the phase difference between pitching and plunging
motions.

Following the analysis of Van Dyke!? of the isolated air-
foil problem, one may write the potential as

B (X,0,1)/Up =x+ 86 (X,3) + € (x,p)ei v —RMD) 9)
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where the exponential term involving k_MgE is introduced for
convenience to reduce the equation for ¢ to normal form.
Here, ¢ represents the perturbation potential corresponding
to the mean steady flow and the term involving ¢ represents
the unsteady perturbation potential about this mean flow.

The governing equations for the perturbation potentials ¢
and é can be obtained by substituting Eq. (9) into Eq. (1)
and collecting the terms in powers of 6 and e. Since ¢ is
associated with the steady potential in the limit e—0, § fixed,
the steady and unsteady terms can be separated and two
equations result. For the mean steady potential, the leading
terms become,

5[,y — B2 ] =0*M* [ (v — D¢y (s + $),)
+ 20,y +20,0,,1 + ... (10)

valid to second order in é. For the unsteady perturbation
potential about this mean flow, the leading terms become

€(d,, — B2, — 1] =e6{MZ[(v— (¢, V2d+d, V)

+2(¢xq‘;x +¢y($y)x]

M3y - 1 - 2)
—F B [(7_1)(2¢x¢x+W¢v ¢

2 - -~ . -
+"1'\72‘(¢x¢x + ¢y¢y) + 2¢x¢x + 2¢xx¢:|

A;j v2[2+('y—1)]\42]¢ax¢} +... (11
where v=8k/b, and M=M_=U_ /a,. The effect of blade
thickness, camber, and angle of attack on the unsteady prob-
lem appears through the second-order terms involving prod-
ucts of ¢ and ¢. Thus, one must keep the O (ed) terms, but
may discard ©(e?) terms, since the latter group does not af-
fect the unsteady lift and moments (although they do affect
local pressures).!? To second order, the ©(8%) terms affect
only the steady problem and therefore need not be con-
sidered in the present analysis.

If one neglects the right-hand sides of Eqgs. (10) and (11),
the linearized first-order equations of steady and unsteady
supersonic flow are obtained,

¢lyy_62¢1xx=0 (12)
Biyy —B2b 1 — 1?6 =0 13)

for which a number of solution procedures have been
developed that are applicable to cascades.!> Using Egs. (12)
and (13) to simplify the right-hand sides of Egs. (10) and
(11), the equations valid to second order in the perturbation
potentials become

¢yy—62¢xx:2M2 [62 (N_ 1)¢%x+¢%y]x (14)

(iyy —62$xx_'V2$:2M2 [‘82 (N_ 1)¢lxq;1x +¢1y$1y]x

174 - - -
—2t 5 LB QN1 b1 + BN b1 + 61,81, ]

— 2N, 15)

where N= (y+ )M?/2p2.
The boundary conditions are obtained by substituting Eq.
(7) into Eq. (5) and separating steady and unsteady parts. To
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second order, neglecting O (¢2) terms,

5¢y=5f'+52(f'¢)x—f¢yy) on y=0=* (16a)
€, =¢ [g’ +i%g] eikMz 4 eé[(&x—i—ygl&)f’

+ (8 b, — 80, )M —f<$yy] on y=0* (16b)

with the upper and lower surface function f, , substituted for
f, as appropriate.

The oscillating leading- and trailing-edge shocks introduce
certain difficulties that must be overcome for this scheme to
work. It is apparent, for example, that delta function
singularities will appear in the nonhomogeneous terms on the
right-hand side of Eqs. (14) and (15), because of the jump in
the flow velocities as the shocks are crossed. Across the
shocks, a second-order form of the Rankine-Hugoniot rela-
tions must be satisfied, introducing additional complications
since the instantaneous shock position depends on the mo-
tion. Both problems can be avoided by the same smoothing
device used by Van Dyke,!? which essentially replaced shock
waves by very rapid isentropic compressions.

The boundary value problem associated with the first-
order problem [Eqgs. (12) and (13)] and the first-order terms
of the boundary conditions [Eqs. (16)], can be solved by
several existing methods.!3 In Ref. 5 the problem is recast in
the form of a set of dual integral equations involving the up-
wash 0, (X) and the pressure loading [p,(x)] on the zeroth
blade and its extension to oo,

@

5 () =§§w G(r+ EM)Fy(r + kMY dr (17

[Do(x)]= g_wFO(T-i-k—M)ei'ﬁdT (18)

where

N k2sin(s, /N2 — k2)

G =R [coss BV T T — cos@—5,7)]

19

and F; is an unknown function whose determination solves
the problem. Note that the upwash v,(X) is known for
Xl <1, while [po(x)]=0 for IxI>1. For details on the
solution of these equations, see Ref. 5.

The second-order solution for the mean steady potential ¢
obtained by solving Eq. (14) leads to the well-known
Buseman result,?? and is not required for the second-order
unsteady problem. Now Eq. (15) is a linear nonhomogeneous
equation, for which a solution can always be expressed as
the solution of the homogeneous equation plus a particular
integral,

¢=¢°+¢* (20)

where the complementary solution ¢¢ must correct for the
boundary condition violations introduced by ¢, so that the
total solution satisfies the second-order flow tangency condi-
tion. In principle, a particular integral can always be con-
structed, since the fundamental solution for the reduced
wave equation is known and the appropriate Green’s func-
tion exists. The remaining boundary value problem for ¢¢
can then be solved by existing methods for the first-order
problem, after the necessary adjustments to the boundary
conditions have been made.

Using the dual integral equation approach, the kernel G in
Eq. (19) can be shown to remain unchanged for the second-
order problem. This follows from the momentum equation
in the y direction, which to second order in the terms involv-
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ing ¢ reads, on the blade surface,
b k- - ik -
e [ ot %] *ed [(W¢y - d’*’)y g

+ (62¢x$x—¢yq;y )y—'g¢xyyeik_Mi:| (21)

where the derivatives on the right-hand side are evaluated at
y= +0 and the appropriate upper or lower surface functions
are substituted for f(x). Here p(x,y) is the nondimensional
unsteady perturbation pressure amplitude and second-order
terms in ¢ have been neglected. Since the upwash integral,
Eq. (17), for the first-order problem is obtained by in-
tegrating Eq. (21) from — o to x (neglecting the € terms), it
follows that the same type of equation will be obtained for
the second-order problem. The reason is that the nonlinear
coupling terms in the last bracket are multiplied by 6 and
thus it suffices to use the first-order solution when evaluating
these terms. The coupling terms thus modify the upwash on
the reference blade by an amount Ag, that can be calculated;
thus, for the second-order problem,

Do (X) =8¢, — 568 — eSAD 22)

where the second-order terms in Eq. (16) are to be taken for
é, and &£. It should be noted that in the second-order prob-
lem, two upwash integral equations are obtained, one for the
upper and one for the lower surface of the reference blade.
In this case, there are two functions F§to be determined and
it is necessary to account for the induced upwash caused by
the symmetric part, py(x,0%)=p.(x,07), of the blade
pressure distribution.

IV. First-Order Shock Doublet Approximation

Using arguments similar to those advanced by Ashley! in
his treatment of shock motion in isolated wing flutter, an ap-
proximate theory for the effect of shock motion on rotor
flutter can be developed. In addition to its relative simplicity,
it has the added advantages that it can be incorporated into
existing aeroelastic analysis programs and experimentally
determined shock parameters and motions can be used. The
latter advantage is believed important, as experimental data
on rotors suggest that the shock structure is often significantly
different from what would be expected from two-dimen-
sional cascade calculations.'>!® Evidently, the three-dimen-
sional nature of the shock system cannot be ignored when the
relative flow is mixed subsonic-supersonic over the blade span. .

The basic approach used by Ashley!” is to take the
unsteady airloads as the sum of the loads calculated by
linearized theory, plus the contribution of a ‘‘shock-force
doublet’” centered at the shock location. A similar approach
is followed here, although there are important differences
between the cascade and the isolated airfoil problem that
must be taken into account. The most important difference
in this context is that in the cascade problem one must deal
with shock reflections from adjacent blades. When the
blades oscillate, the points on the blade surfaces where the
shocks are reflected also oscillate, with amplitude of the
same order as the blade motion. The amplitude and phase of
this shock motion are strong functions of the interblade
phase angle—another variable not found in the isolated air-
foil problem.

Consider the reflection of an upward propagating oblique
shock by the lower surface of a blade, say the zeroth or
reference blade, as illustrated in Fig. 3. From Fig. 2 it is evi-
dent that such a shock either originated at the trailing edge
of the blade below or is the reflection (by the blade below) of
the downward propagating shock from the leading edge of
the reference blade. If the blade leading and trailing edges
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Fig. 3 a) Typical shock reflection; b) resultant pressure jump at
reflection point.

are sharp, the shocks are attached and the shock displace-
ments at the edges are essentially instantaneous and in phase
with the blade motion there. But because of the finite speed
of propagation of the shock there is a time lag between the
motions at the origin of the shock and the point at which it
is reflected by an adjacent blade. This together with the
presence of an interblade phase angle o results in an impor-
tant phase difference between the shock-induced aero-
dynamic loads and the blade motion; and it is this phase dif-
ference that determines whether the shock motion is stabiliz-
ing or destabilizing.

To first order in the blade amplitudes, the shock strengths
may be assumed constant when calculating lifts and
moments. If Ax, is the amplitude of the oscillation of the
shock reflection point about the mean steady point x,, the
instantaneous location of the shock reflection point is then

X, (1) =x, + Ax e (@i=#9 23)

where ¢ is its phase angle with respect to the motion of the
reference blade. From Fig. 3b, it follows that the incremental
lift and moment per unit span on the reference blade due to
the motion of the shock reflection point are

L, = — Ap Ax e («t=%5) (24)

M, =x,ApAx el —%5) (25)

Here Ap,=p;—p, is the total pressure jump across the in-
coming shock and its mean (steady) reflection point x=x,.
Note that L, and M, can be interpreted as resulting from
oscillating ‘“‘shock doublets”’ distributed over the small re-
flection region (Fig. 3).

It is convenient to express the shock-induced lift and
moments in terms of nondimensional lift and moment coeffi-
cients. Adopting the conventions and notation of Ref. 3,

L=mnp, Usc[Cy,-0p+Cpy-ct] (26)

M=7p UL [Chpp- Uy + Coge - @] %)

Note that in bending or plunge, the velocity 7, =uv,/U,
= —jkh has been used instead of the displacement A= h/b.
The matrix of incremental lift and moment coefficients due to
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the shock motion at one reflection point can then be written as

o [
I: Lo L j‘:i—A——p—se_i‘bs Vop

CgM v CSMD(

(28)

Here the + sign is to be used if the shock is reflected from the
top (suction) surface and the — sign if it is reflected from the
bottom (pressure) surface. After summing the contributions
of all shocks and their reflections, the total lift and moment is
found by adding the linearized results, calculated in this study
by the method of Ref. 5.

The quantities necessary to implement the first-order
shock-doublet model can in principle be determined either
experimentally or by direct calculations. It should be pointed
out that the phase angle ¢, in the problem is not plagued by
the uncertainties encountered in Ref. 19, but can in fact be
calculated with reasonable confidence from first principles.
By applying the Rankine-Hugoniot relations, the shock
oscillation amplitudes can also be calculated, as illustrated in
Refs. 8, 10, 12, and 23. This approach unfortunately defeats
the main purpose of the shock-doublet approximation, since
it couples the shock motion with the unsteady flowfield. At
low reduced frequencies at least, where the shock motion is
believed to be most important from a stability standpoint, it
seems reasonable to use quasisteady formulas for the motion
of the shocks. Such formulas can be derived by assuming
that the time required for a shock to propagate a distance of
the order of the blade spacing is small compared to the
period of oscillation. For the reflection of an upward travel-
ing trailing-edge shock, as illustrated in Fig. 3, the asymp-
totic relations for the phase and amplitude of the shock
reflection point can be written as

AX ) " iB o
_ —ipgz= — " [] o i(0+kMBS)) 29
( Gos ke ] 29
A%\ e
—2 Je 5= —B[1+fBs, — 5 —e loHkMED) | (30)
A

Note the strong dependence on the interblade phase angle ¢
and the additional phase angle term kMps, that arises from
the fact that the propagation speed of the shock is finite.
Here the speed has been approximated by the freestream
speed of sound and the shock direction by the Mach lines.
The derivation of these formulas is a straightforward ap-
plication of the same kinematic ideas used in Appendix E of
Ref. 24 to treat Mach wave reflections. The two remaining
quantities Ap, and X, in Eq. (28) are readily calculated from
shock expansion theory and geometric considerations involv-
ing the shocks and their reflections, once the blade geometry
and angle of attack are specified.

Similar asymptotic relations can be obtained for a leading-
edge shock reflected twice, Fig. 2c. At the first reflection
(top surface),

AX, ) ) iB .
— Je s = —__[] — pi{c—4d)

( Uop ¢ k [1-e I S
AX . .

( xs)e_@sz —ﬁ[l—Kl _ez(a—A¢)] (32)
G
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while at the second reflection (bottom surface)

(A_x: )e’“‘ss —iB [1+e_2m¢_2e—i(a+A¢)] 33)
Vop k

(__S)e—«bs =B[1-285, —2(1 — k) )e~i(o+48) | o=2i0¢]
o

34

where A¢=kMBs, and «, =5, + B5,.

Finally, it should be pointed out that in deriving the in-
cremental lift and moment due to the shock motion, the
shocks were treated as step waves and the reflection as
regular. Boundary-layer effects would smear out the pressure
jump Ap, as well as affecting the reflection pattern close to
the surface (bifurcated shocks may occur). In any event, ef-
fective Ap; and x, can be defined such that the relations of
Eq. (28) hold.

V. Effect of Shocks on Aeroelastic Stability

Two characteristic features of supersonic rotor flutter have
proved difficult to explain based on linearized analysis. The
first is the favorable influence of pressure ratio at constant
rotor speed. Thus, lowering the rotor operating line reduces
the flutter speed and vice versa. Since this effect appears to
be caused by blade loading, it cannot be accounted for by
cascade theories that linearize about the undeflected flow.

The second characteristic feature is the extreme steepness
of the flutter boundary. While some aeroelastic instabilities
in turbomachinery rotors are ‘‘soft,”’ this one is not: The
vibratory stress is observed to increase rapidly with increas-
ing Mach number as the boundary is crossed. Calculations
based on linearized cascade theories, on the other hand,
predict a less steep boundary. Figures 4 and 5 illustrate this
point for single-degree-of-freedom torsional flutter of typical
cascades representative of current technology rotors. Note
that the strength of the instability (i.e., the amount of
negative aerodynamic damping), which here is proportional
to the imaginary part of the moment coefficient due to tor-
sion, acutally decreases beyond M=1.5. Calculations for

003
002}
ImCyq
001}
UNSTABLE
0]
STABLE
-001+
g
,4 / a 0°
_ | o 30°
002 4/ e o
AU ~— LEAST STABLE o
FOR N =12
-003}
-004 1 1 . ! . —
1.0 1.2 1.4 1.6 1.8 20
MACH No. M

Fig. 4 Imaginary part of moment coefficient due to torsion vs
Mach number. Verdon’s cascade A: § =59.5 deg, §, =0.8, k=0.51 at
M=1.4. Calculated by method in Ref. 5.
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coupled bending-torsion flutter reveal a similar behavior
with respect to Mach number.

Halliwell!! has also noted this peculiar behavior and has
suggested an explanation. For cascade configurations typical
of current rotors, a change from the wave reflection pattern
of Fig. 2¢ to that of Fig. 2b occurs at a certain Mach number
in the operating range. Halliwell attributes the anomaly to
expected discontinuities in the unsteady force coefficients as
this Mach number is crossed. In the case of Verdon’s
cascades A and B, used in generating Figs. 4 and S, the
Mach numbers in question are 1.282 and 1.669, respectively.

It is clear from Figs. 4 and 5, however, that the moment
coefficients are continuous at the corresponding Mach

002
Im Cyq
001
UNSTABLE
O %
STABLE
-0.01}-
-0.02|
?/ s O
o 30°
/ o e0°
-0.031 4 o 90°
—— LEAST STABLE o
FOR N=12
- 1 i - 1 ) —
O'O4LO 1.2 14 16 .8 2.0

MACH No. M

Fig. 5 Same as Fig. 5, for Verdon’s cascade B: 0=63.4 deg,
§,=0.6, k=0.65 at M=1.4.

a)

b)

M<i

Fig. 6 Expected shock structure at different back pressures for a
rotor with Verdon’s cascade A typical section: a) low back pressure
at design speed; b) moderate back pressuré or below design speed; ¢)
high back pressure or low speed (unstarted mode).
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numbers. Evidently, the change in stability is gradual and
cascade A is stable at M= 1.282 and does not reach peak in-
stability until M=1.55. It is interesting to note that cascade
B also exhibits peak torsional instability around M=1.5 and
has; in fact, become stable again for all interblade phase
angles except ¢=30 deg as M=1.669 is reached. Incident-
ally, the location of maximum ImC,,, vs M is a function of
reduced frequency k=wb/U, in addition to interblade phase
angle 0, and decreases as k decreases. Also note that the
reduced frequency has been scaled by assuming that U and
M are proportional, i.e., k=k M, /M, where k., and
M, are given in the figures.

When the unsteady loads induced by the shock motion are
included, the two characteristics of supersonic flutter noted
previously can be explained. At low back pressure and angle
of attack, the weak oblique leading- and trailing-edge shocks
will have patterns similar to the Mach wave reflections
shown in Fig. 2. Experimental data from Ref. 18 indicates
that the in-passage shock structure is strongly affected by the
back pressure and also by the rotor speed. The downward
propagating leading-edge shocks appear to be especially sen-
sitive and are often observed at larger angles with the blade
pressure surfaces than would be expected from two-
dimensional shock relations. !’

Figure 6 illustrates the expected behavior of the shock
structure for a rotor with Verdon’s cascade A typical section.
Note that increasing the rotor back pressure has qualitatively
similar effect on, the shock structure as decreasing the
relative Mach number, suggesting that it should be stabiliz-
ing. Calculations indicate that increasing the back pressure
should be stabilizing on pitching oscillations and destabiliz-
ing on plunging oscillations (see the deperidence on 6, and
M, in Figs. 7 and 8). When the inlet Mach number is in-
creased, the shock strengths increase and the shock reflection
points move aft, contributing to the steep flutter boundary
observed experimentally. Incidentally, coupling between bend-
ing and torsion plays a very important role here. (See Fig.
10; note strong dependence on hy/.)
~ As is now well established, supersonic cascade theories
linearized about the undeflected mean flow predict both
single-degree-of-freedom (SDOF) torsional flutter and coupled
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Fig. 7 Typical effect of shock motion on real part of C;, represen-
tative of damping in bending. Verdon’s cascade A: symmetric
parabolic arc airfoils of 3% maximum thickness; shock-doublet
approximation.
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bending-torsion flutter over a range of cascade operating
conditions. Pure bending oscillations, on the other hand, are
predicted to be stable. Figure 7 illustrates that the unsteady
loads due to shock motion can be sufficiently destabilizing at
low reduced frequencies to cause SDOF bending flutter. It is
interesting to note that the least stable interblade phase angle
is in the range 180<0<360 deg, corresponding to a
backward traveling wave. This characteristic is also observed
in the shock-induced bending flutter predicted by the theory
of Goldstein et al.!2

Figure 8 shows the effect of shock motion on the im-
aginary part of the moment coefficient due to torsion,
ImC,,,, for a typical cascade. In both Figs. 7 and 8 the
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Fig. 8 Typical effect of shock motion on imaginary part of Cy,,

representative of damping in torsion. Verdon’s cascade A, as in Fig.
7.
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aginary part of Cy, for Verdon’s cascade B. Blades as in Fig. 7, but
note higher reduced frequency for C;, plot.
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Fig. 10 Typical effect of shock motion on the unsteady
aerodynamic work per cycle, per blade, of a coupled bending/tor-
sion flutter mode for a shrouded cascade/rotor.

cascade consists of symmetric, double parabolic arc airfoils
with a maximum thickness of 3% of chord, operating at
unique incidence. The shock-doublet approximations were
used and the mean (steady) shock strengths and geometry were
obtained from shock expansion theory, supplemented by the
method of characteristics where necessary. It is evident from
these results that the shock-induced unsteady aerodynamic
loading has a first-order effect on the cascade SDOF flutter
boundaries. Figure 9 illustrates the additive effect of several
(three) shock reflections, corresponding to the configuration
shown in Fig. 2c.

Large fan rotors often have partspan shrouds, which in-
troduce strong coupling between the blade degrees of
freedom. Calculations made for the shrouded cascade
described in Ref. 20 indicate that the shock-induced loads
from the individual degrees of freedom often reinforce each
other. Typical results are shown in Fig. 10 in terms of the
unsteady aerodynamic work per cycle plotted vs Mach
number. The figure reveals an interesting aspect of the
coupled problem with shocks: namely, that the effect of
chordwise blade motion (parallel to the blade chord) is no
longer negligible, but must be included.

V1. Conclusions

The following are the main conclusions that can be drawn
from this study:

1) The unsteady aerodynamic forces due to shock motion
have a pronounced effect on the aeroelastic stability of
cascades representative of typical transonic/supersonic rotors
and should therefore be included in flutter calculations.

2) Both stabilizing and destabilizing effects are observed.
These effects are strong functions of interblade phase angle
and shock structure and also depend on reduced frequency
and Mach number.

3) The stabilizing effect of back pressure, observed ex-
perimentally, can be explained when the effect of shock mo-
tion is accounted for.

4) At low reduced frequencies, the shock-induced loads
can destabilize bending oscillations sufficiently to cause
SDOF bending flutter. The flutter mode is predicted to be a
backward traveling wave.

5) Chordwise motion of the blades should be included
when modeling the aeroelastic effects of shock motion.
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